HOPF FIBRATION APPENDIX

PATRICK GILLESPIE

We construct a representative of the homotopy class of the Hopf map. Let
D? denote the closed unit 2-disk, D? = {(x,y) € R? : 22 + y?> < 1}. Let C =
D? x [—1,1], that is, C'is a closed solid cylinder. We begin by listing functions that
will be used. For any space X, let

Ax : X 5 X x X

be the diagonal map. Let @ : (C,0C) — (R3 U {oo}, ) be defined by

T y o
(I)(xvyvz): (1_x2_y271—332—y2’1—22)

for (z,y, z) € int(C) and ®(z,y, z) = oo for (x,y,z) € IC. Note that ® restricted
to the interior of C' is a homeomorphism int(C') — R3. Identify R? U {cc} with
S$3 = {(u,v) € C?: |Jul|?> + ||v||> = 1} by the homeomorphism ¥ : R3 U {cc} — S3,

2z + 2yi 22 +i(—1+4 2% + y? + 22)

\I/(:E, Y, Z) = ( ) )
L+a2 +y2 + 22 L+ a2 +y2 + 22
where W(co) = (0,7). The map ¥ is simply the inverse of the stereographic projec-
tion S3 — R3 U {oo}, where S? is viewed as a subset of C2. Let C = C U {oc} be
the extended complex plane. Let 1 : C — S? be the homeomorphism
2 2y —1+2%+ y2>

T+a24+92" 1+a2 492 1422492 )

vl +iy) = (

Let 11 : C x (C\ 0) — C be complex multiplication where we set u(cc, z) = oo for
all z € C\ 0. Recall that the Hopf map h : S® — S? can be defined by h = ) o hy,
where hg : S® — C is
ho(u, w) = u/w

for (u,w) € 3 C C2. Define functions hy,hy : S3 — C by

ha(u, w) = u/|jw]]

ha(u, w) = [lw]|/w
and where we define ha(u,0) = 1. Note that hg is not in general continuous at
points (u,0) € S2. We clearly have that

h:’(/}O/j,O(hl Xh2)0A53.
Define a reparameterization ¢; : [—1,1] — [—1,1] by

S3s+31 ifsel-1,-3]
g1(s) =<0 if s e [f%,%]
3s—3 ifsel3,1]
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Set Gy : [-1,1] x I — [-1,1] to be the homotopy Gi(s,t) = (1 — t)s + tgi(s)

between the identity on [~1,1] and g;. Define H; : D? x [-1,1] x I — D? x [-1,1]
by H; =idp2 xG;. Define another reparameterization g2 : [—1,1] — [—1,1] by

-1 ifse[-

g2(s) =13s  ifse[-

1 ifsel[s,1],

and similarly, set Ga(s,t) = (1 — t)s + tga(s) and Hy = idp2 XxGa. Let ¢ = \/52’1.
The reason we will need this constant is due to the map @ : (C,0C) — (R3 U
{00}, 00). A point (z1,y1,21) € C satisfying /2% + y? = ¢ is mapped by ® to a
point (zg,ya, 22) in R? satisfying \/z2 + y3 = 1. Define a function G3 : I — I by

0 if s € [0, o]

Gs(s,t) = (s —pt) if s€[pt,1—1t+ ¢t

1 if s€[1—t+ ot 1]
for t € [0,1) and set
0 ifsel0,p)
1 ifselpl].

Gg(s, 1) = {

Note that G3 is not continuous at the point (¢, 1) € I? but is continuous everywhere
else. We now use G'3 to define a function Hz : D? x [~1,1] x I — D? x [-1,1]. For
(z,y) € D?, write (x,y) = (rcosf,rsinf). Let z € [-1,1] and ¢t € I. Define

Hs(rcosf,rsind, z,t) = (Gs(r,t) cos 8, Gs(r,t)sin b, z).
Let Hy : C x I — C be the composition of Hy and Hs, that is,
H4(I7 t) = H3(H2(x7 t)? t)

where z € C and t € I. Let by = hj oW o ® and hl, = hy o ¥ o ®. Define
H:(CxI,0C x1I)— (52%/(0,0,—1)) by

H:’IZJOMO(hll X h/Q)O(Hl X H4)OAC><[.
We will show H is continuous, in which case it defines a homotopy between h o
¥ o & (which we are identifying with the Hopf map) and g = H(z,1) : (C,0C) —
(52,(0,0,—1)), the map described in the blog post.

Proposition 0.1. The function H is continuous.

Proof. In the defintion of H, the only functions which are not continuous are H,
and hj. The function Hy is not necessarily continuous at points in

By ={(2,y,2,1) € C x I : \/a? + 42 = ¢}

and h), is not necessarily continuous at points

By ={(z,y,0,t) € C x I : /22 +y? = o}
Therefore it suffices to check continuity of H at points in By and at points a € C'x [
such that Hy(a) € By. However, {a € C x I : Hy(a) € By} C By, hence it suffices
to check continuity of H at exactly By U By. To see that H is continuous at points
in By, note that if x € By, then h) o Hi(x) = oo € C. Since h} o H; is continuous,
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and h} has image in the unit circle {z € C: llz]] = 1}, hence is bounded away from
0, we have that
o (hll X h’2)0 (Hl X H4) OACXI
is continuous at points in By, and thus so is H.
Write By = B] U BY where
Bi={(z,y,2,1) e OxI: Va2 +y* =, z € [-1/3,1/3]}
Bl = {(2,5,2,1) € C x [+ /a2 + g2 = ¢, z € [-1,-1/3) U (1/3,1]}

We have that h} o H; maps points of Bj to co € @, and so completely analogous
to the case of By, H is continuous at points in Bj. Lastly, if (z,y,2,1) € BY, let
U cC D? x [-1,-1/3) U (1/3,1] be a neighborhood of (z,y, z) in C. Let N. be the
set of points in C' whose distance to OC is less than . Then for any ¢ > 0, due to
the homotopy Ha, there exists 6 > 0 so that Hy maps U x (1 — 4, 1] into N.. Since
¥ o ® maps N. to an open neighborhood of the basepoint (0,4) of S* C C?, and

hg is continuous in a neighborhood of (0,4), we have that h} o Hy is continuous at
points in Bf. Hence H is continuous at points in BY. O



